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i. Introduction 

So t'ar it has been assumed in the mathematical 

;~Jlysis cf oligomeric enzyme kinetics [11 that the 

'ndions c:J.ulysed by such enzymes are irreversible 

:;. SC~ ~= -"'" D. However, many of the knuwn 
'i:fome:i~: 'rd polymeric enzymes catalyse essentially 

·~t, :cI;:rsibl.;; ":~:lctions) which should be taken into 
, .~;;OUllt in ::-:.':: :lnJlysis of open multienz)'me systems. 

~,(his p:.lpcr we describe a model of a reversible 

::J!losubstr:lte reaction (a generalization of the model 

::" \Ionod, Wyman and Changeux (2]) and discuss a 
?ussible way of the construction of mathematical 
:7:odels or" ':8rnplex reactions catalysed by" regulatory 

~" Kinetic:"!1odel 

CUllsider a reversible reaction, 

S---p 
E(R.T) , (l) 

in whkh the interconversions of the substrate Sand 
:he product Pare catalysed by the enzyme E which is 
(resent in two conformational forms Rand T. Assume 
that the enzyme E has n identical active sites for S 
tlld P and the interactions of Sand P with diiferent 
'TlZYme forms are described by the following kinetic 
""'del: 

(2) 

R,_I+S (n-i+l)k+ l 
, ik_l 

ik+2 
R,-,( . I)k Ri _ 1 +P 

n-l+ ~2 

.Vorrh-H II .. 
o and Publzslimg Company _ Amsterdam 

(n-j + I)k'+1 
+5 ~=':T=~'" , 'k' 

I' -1 

He;e Ro and To are lhe free fOnTIS of conformations 
R J::': T: Ri (1 ~ i ~ II) and T; (l ~f ~ n) Jre active 
enzyme-substrate complexes (indices i and j indicate 
the j"jumber of molecules of S bound to the corre­
spon':'ing form, R or T): 1 + and 1 _ the fare constants 
fvr iS0merization of the free forms of the enzyme E; 
In-i~ l)k+ 1, (n-j + l)k'+).ik_ 1,jk'_I,ik+2, 
jk'+2·1il-i + l)k_ 2, and (n-j + l)k'_2 the rate 
constants of the elementary steps. The relationships 
b~T\w"en the rate constants and the indices i andj 
ukc!l 3.ccount of the variations in the probability of 
Joining and liberating the molecules of 5 and P by the 
r:nzy!1'.c molecules caused by variations in the number 
of r"r<:'e- :.md occupied active sites {8,9]. 

UI us introduce the following notations: 

KS = (k_l + k+ 2)/k+ 1 is the Michaelis constant of 
the form R for the substrate; 
K's = (k' -1 + k'+2)/k'+1 the same for the form T; 
Kp = (k_l + k+2)/k_ 2 the Michaelis constant of 
the form R for the product 
K'p = (k'_1 + k'+2 )/k'_2 the same for the form T; 
L = 1 +/1 _ the equilibrium constant of the isomeri­
zation 

J<o<==" To or an allosteric function in the case where 
:lilowance is made for the dependence of L on the 
concentrations of allosteric effectors [2,3]. 
V = nk+ 2eO is the maximum rate of the conversion 
5~P catalysed by R (eo is the full concentration 
of tile enzyme E), V = nk'+2eO is the same for T; 
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x:;: k_l/k+2 is the asymmetry coefficient for the 
breakdown of the enzyme~substrate complex in the 
case of form R (at x > 1 complexes R j are broken 
down predominantly in the direction of the substrJte 
formation, at x < 1 in the direction of the product 

formation); 
x' = kl_1/k'+2 is the asymmetry' coefficient in case 
of form T; 
Cs = KslK' s is non-exclusive bill ding coefficielll [:] 
for the substrate S (form R is chosen so that the ('(In­

dition Cs <; 1 be fulfilled); 
cp = KplK'p the same for the product P; 

V V 
a = K / K the relative acriFi(r of the form T: 

S S 

v:;: v/V the dimensionless rate of the substrate-to­
product conversion (v is the dimensional rate of this 

conversion): 
a = [S]/KS the dimensionless substrate concentraTion: 
7i = [PJ /Kp the dimensionless product COI1Celltrarii)/i: 

II 

R = L [R;]leo the relativc total concelllratioll of 
i= 0 

the form R, or a state function [e]; 

n 
T = I [T;l/eo the relative total concentration of rile 

1=0 
form T; 

n n 
Q = L I Ri]1 L [Ti ] = lilT a quotinenl functioll [2], 

i=O j=O 

3, Mathematical model 

Applying the conservation and mass action laws 10 

model (2), we get the following system of stationary 

relations: [To] = L [Ro] 

(ni+ 1) [Ri-d (k+ 1 [S] +k_2 [P]) (3) 

-i(k_l +k+2) [R;l =0, 

(11-1 + 1) [Ti_ d (k' + I [S] + k' _ 2 [P]) 

-j(k'_l +k'+2) [Ti ] =0, 

diS] n 
l'=--d' = ~ Uk+2 [Ri]-- !n-i+l)k_2 [P] 

t i= 1 

:?70 

[T-] - (n-j + 1) k' 'P] J - 2 l 

and after simple transformations we obtain the equa­
tion for the dimensionless ratc 

, cp 
a-x -- i7 

O-X1T _ cS_ 
v=---~R+'J T 

1 + a + r. 1 + ('sa + Cp7:" 

where 

(4: 

In case of a thermodynamical equilibrium 0:' l ::,:tion 
(1), two conditions must simuhaneously be ru: 'illed 
according to the detailed halance principle. 

, cp 
a~x7i' = 0, a-x _.-1i = 0 

Cs 
This yields the relation 

I cp 
x=x -, 

Cs 

(5) 

(61 

with consideration for which equation (4) t:,1 ~ the 

form 

a~X1r - 0- X7': -
V = --- R +, ------------ T 

1 + 0+17 1 + cso + Cp7:' 
(71 

or 

Q +aq 
T+Q 

(f, 

One remarkable feature of eg. (8) is wortI. 1:'.ILi-':J11~· 

Its right hand side is a product of twCl fUllctJUllS 

which describe two principally different prnccssc~ 
associated with the oligomeric enzyme activity One 

of the functions 

1> = o-xrr 
l.--c+-o-+-:--rr 

is a dimensionless rate la\;.' function for :1 aeUw 

site of the form R. The shape of this fUlh'I ,,' 

determined only by the mechanism of Ck1l1~': ;:Ir:­

interactions of the substrate S anc pr(jdll~'[ !' v.,,]lh 

I 
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' II~ J (:~ ' .' !.' "i l l.! or (he enzy me . In contrast to the r;lIe 

;'undi(ln 'I) , the function 

() + 1111 
Ilt::; .~----

I +IJ (10) 

:~JJ.;I!S allowallce fo r the effe ct on the enz.yme E 
,~J l:JlytJ(.: activity uf indirect cooperative interactions 
:' ::tW~::-1l its ;I\.:t ivc sites and of the conformational 
:r JIl~itj\)ii) R~T. The function \{I we shall sub· 
:..'Jl! l." lIi;-; :.crm the rcglliu[ury function. 

'Ii erv:, mc E bel ongs to class K (i.e. if V '! V = I), 
::11.' 11 

(II) 

inl his part icular case at -:r = 0 or a = 0 equJtion (8) 
:i \Jentic:.il to the equation derived by ~lonod, Wyman 
.:nJ Ch:: ---: :::eux [21 > except for the differen ce in 

If er ' :'",e E belongs to d"s V (i.e. Cs : cp : I ), 
:::CI1 

'" :'.2!!: I t L . (I2) 

In figs.l and 2. presented are the families of t~te 
~urves u(a) and v(rr) constnlc(eJ. for enzymes or class 

1.0 I 
I 
I 

05 f-

J :06 

1030 
10 

-0.5 104 

-1.0 
L=lo3 

K (tlg. l) and class V If1g.2). TI,e points of inte rseclio n 
of th~ curves u(o) and tdrr) with the abscissa ax is 
repres~n t the states of thermodynamical equilibrium 
of th~ react ion in which a:::: X7T. The negat ive va lues 

of [h~ rate imply that the substrate is formed frum 
the product. As seen from equation (8), v < a if 
a < -<or . By applying the functions <I> and"' , the 
velocity of a reaction catalyse d by an olygomcric 
enzyme may be reprcsc;Hed in a fairly general rurm 

( 13) 

4. Discussion 

TIle presentation o f eq. (8) in the form of (13) may 
seem far toO abstract. However, it is this presentation, 
free of the specific e ff~cts of the catalytic and 
regulatory enzyme sites. that dictates a very simple 
W3Y ur" .:onstruc tion of ,he theory of compiex multi­
SUQ str:1 te reactions caraly·sed by regulatory enzymes. 
Briefly_ [his way is the follOwing. 

TIle general form of the regulatory fun ction 'l', as 
determined by equation (I 0), is invorianr with respect 
to the action mechanism of the catalytic sites, it 
depends on the assumed mechanism of conformational 

, 
010 

ocs 

-010 

Fig.I. Dimensionless rare u = vj V o f reversible reaction (1) as a funl.:tion \)( the dimensionless co ncentrations of the substrate, 
,,:. [SIlKS' and of the product. 7f = [Pl / K p' for enzyme E of class K as calculated from cq. (8). (Left) Family of the curves uta) 
C?n~truCled for various values o f the isomerization constant L. as ~hown in the tigure, lnd for 1;::: 10. x ::: I , cS=Cp:::IO- 4 , n ::: 4. 
·' (Ue fhat the rate of the back reaction (u <O) depends drastically 011 L lI·hereas that of the forward reaction (v>O) is only little 
dependent on L This feature of reaction (" I) seems to explain the :lpp;m!'nt unidirectedness of the action of allosteric effectors 
I)~ reversible re:;ac;: rions l::;ar3.lysed by olygomcric enzymes. (Right) F:unily of the: curves ,,(n) constructed for vario us values of the 
dImensionless substrlte concentf!l.tion, a, as shown in the figure. and for x = 0.1, a '= 0, cS,=cp=O, L = 10'. n ::: 4. Note that 
':aduCf P ac:ts as an acrh'alOr of tile enzyme when in smoJl alld as 0 11 inhibitor when in large c:oncentrations. The lctivating 
ISoste ric e ffect o f product P at II > I may be of an apparent cooperativ..: character (Le. Hill's coefficient nH> l for that portion 
of the (.:U:-ve II(n) where du/dn > O) and is the stronger the smaller x :md.1l :lnd the larger L. 
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v v 

1.0 

-0.5 

-0.1. 

Fig.2. Dimensionless rate v = I'/l' of reversible reaction (1) :1.~ ;l lun::'tion of the dimensionless concentrations of the substf:Jte. 
0= [S]IKS' and product, 1T = (PJIKp, for enzyme E of clas~ Y ;l~ ..:akulated by eq. (8). (Left) Family of the curves v(u) con­

structed for various values of the isomerization coostam L ;1, sh0wn in the figure, and for 11" = 10, x = 1. a '=' 0.1. C S=cp= 1. n ::; 4. 
As the regulatory function 'It of the enzyme ofciass V (1~) i~ inderendent of the substrate and product concentrations, the 
mriation of L similarly affects the rates of the forv.1ard lr > (I) ani back (I' < 0) reactions. (Righ t) Family of the curves 1'1.:7: 

constructed for various values of the dimensionless subsuare conc;'nuation, 0, as shown in the figure, and for x = I, c. ~. ( 

cS=cp=l, L=103, n ::; 4. Note that in this case product Pacts 0111.1· as an inhibitor of enzyme E. 

transitions. As will be shown elsewhere, with due 
regard to the detailed baian" principle the generalized 
versions of the model by Monod, Wyman and 
Changeux, which make allowance for the existence 
of isomerizations R

1
- Ti (0 .; i'; n) [10,11]' 

and under some limitations 'the square model' [5.1:] 
too, may be described by a funClion of type (10) 
whatever the mechanism of the catalytic site action 
(the number of substrates, the order of their bindmg 
and the reaction reversibility). 

Since the rate law function cp describes the reaction 
kinetics of the catalytic site alone with no allosteric 
or cooperative interactions involved, in most applL::a· 
hons there is no need to derive it for oligomeric 
enzymes which catalyse complex reactions. For many 
complex (multisubstrate, reversible) reactions the 
single-site rate law functions· <I> have already been 
derived [7,13-20]. 

Thus, using the function <I> which may be found in 
the appropriate publications or derived with the aid 
of the graph theory [21] or a computer, one can 
construct the small quotinent function q and the 
quotinent function Q, and then, using eq. (10), the 
regulatory function q" The product of <I>.q, yields 
the dimensionless velocity v for a complex reaction. 

In our opinion, two important conclusions result 
from analysis of model (8). First, a product!s) of 
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reversible reactions catalysed by olygomeric enzyme~ 
can produce a profound isosten·c activating or 
inhibiting effect on the reaction rate (fig.!. right). 
The isosteric product activation of an oJygomeric: 
enzyme may reveal an apparent cooperative (,i- J.cter 
and is the stronger the greater L and the smaI~;·- (C 

and x. Second, on p!'o.;.'uct accumulation tile- ),;"·.'.'ard 
and back reactions catalysed by an oiygo!Jlcric CilZYIIU 

of type K may strongly differ il1 their seIlSilil'ir;, IV 
displacement in the equilibrium R.,....--....: T caused 
by allosteric effectors or by any phy.\ico·chclilica! 
factors (fig,l, left), 
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